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Abstract 

X-ray diffraction intensities were measured from a 
BeO single crystal with wurtzite structure specially 
treated to reduce extinction effects. Preliminary least- 
squares refinement yielded experimental structure 
factors on an absolute scale, corrected for extinction 
and anomalous dispersion, and a reference model 
Be2+O 2- with position parameter z = 0.3778 (4) and 
anisotropic Debye-Waller factors corresponding to 
atomic mean-square displacements with spherical 
average (U 2) "-- 0"0045 (3) and 0.00353 (1) A 2 and pro- 
lateness (u 2)-  (u 2) = 0.0008 (4) and 0.00005 (9) A2 
for Be 2+ and O z-, respectively. The residual differen- 
ces Fo- Fc (of these experimental structure factors 
and those of the reference model) were analysed in 
terms of site-symmetrized multipole expansions. The 
phases of Fo were refined iteratively to take into 
account the effect of the significant multipole com- 
ponents found. The contribution of the Be 2+ ion was 
subtracted to make possible a study of the oxygen 
lattice. Significant multipole components of third, 
fourth and sixth order indicate that the oxygen in 
BeO forms bonded hexagonal 0 2- planes. They build 
up diffuse O-O bridges strongly bent towards the 
stabilizing Be z+ ions above the plane. The Be 2+ ions 
exhibit a stretching quadrupole-like deformation sug- 
gesting some covalency of the bonding they build 
between the O 2- planes. There is some evidence of 
anharmonicity of atomic vibrations, particularly in 
the direction of the hexagonal axis, 

Introduction 
This work completes our study of charge distributions 
of the alkaline-earth oxides. Beryllium oxide is the 
lightest in the series. Results on the heavier members 
of the series have been presented earlier by Vidal- 
Valat, Vidal & Kurki-Suonio (1978). 

The experimental work on all these compounds 
was, in fact, done at the same time. The data on BeO 
were set aside because of problems in treating them 
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in a comparable way. The extinction seemed worse 
and the method of analysis used was not applicable 
without further development. 

The analysis of these data is, however, still moti- 
vated by the fact that, owing to experimental difficul- 
ties, no comparable data on BeO have been collected 
since then. 

This work also presents the first application of 
'direct multipole analysis' on a non-centrosymmetric 
structure. Preliminary results of this work were pres- 
ented at the Sagamore VII conference (Vidal, Vidal- 
Valat, Galtier & Kurki-Stronio, 1982). 

BeO is an exceptional member in the series of 
alkaline-earth oxides. While the others are cubic with 
the NaC1 structure BeO crystallizes in the polar space 
group P63mc. It has the wurtzite structure with two 
molecules in the hexagonal unit cell. The asymmetric 

1 2 unit consists of Bel at 3, ~, 0 and O1 at ½, ~, z, both in 
special positions 2(b) with site symmetry 3m. The 
second molecule, Be2, 02,  is obtained from it through 
a 60 ° rotation around the hexagonal axis and the 
translation (½,-~, ½). 

Previous X-ray, neutron and y-ray studies by 
Jeffrey, Parry & Mozzi (1956), Sabine & Dawson 
(1963), Smith, Newkirk & Kahn (1964), Pryor & 
Sabine (1964), Sabine & Hogg (1969), and Downs, 
Ross & Gibbs (1985) have given, consistently within 
experimental error, z = 0.378 for the only structural 
parameter. Large extinction effects in BeO single crys- 
tals have been a problem. Anisotropic Debye-Waller 
values have been reported only with large uncertainty 
(Smith et aL, 1964). The main conclusions of these 
studies were that BeO is not completely ionic in 
character and that there are two different kinds of 
Be-O bonds, Bel-O2 and Be2-O1 being shorter and 
less ionic than Bel-O1 and Be2-O2, which are 
parallel to the hexagonal axis (cf. Fig. 1). 

The macroscopic physical properties of the alka- 
line-earth oxides vary in a systematic manner. For 
instance, the hardness, the elastic constants and the 
cohesive energy increase, the hygroscopy and the 
polarizability and hence the relative permittivity 
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decrease with decreasing cation atomic number (Hug- 
gins & Sakamoto, 1957; Julg, 1978; Miura, Murata 
& Shiro, 1978; Chitra, Vempati & Jacobs, 1983). Apart 
from the systematic behaviour, the properties indicate 
the exceptional nature of BeO. In particular, BeO is 
not only harder than the other alkaline-earth oxides 
but it is among the hardest materials known. Its 
electrical conductivity is very low, like that of the 
others, but its heat conductivity is an order of magni- 
tude higher, which makes it a technically interesting 
ceramic (Kingery, Franch, Coble, & Vasilos, 1954; 
Campbell, 1956). It also possesses some interesting 
electret properties (Mucillo & Black, 1980). 

The systematic behaviour of these properties has 
been related to the increasing covalent nature towards 
the lighter compounds of the series, which suggests 
further that BeO is clearly more covalent than the 
others. The anisotropy of the properties may give 
some indication of the differences in the nature of 
different bonds in BeO. It can be noted, for instance, 
that the static polarizability is clearly larger in the 
direction of the c axis while the anisotropy of its 
electronic contribution and hence the birefringence 
of the crystal is small (Smith et al., 1964; Miura, 
Murata & Shiro, 1978). 

The nature of bonding in BeO has been considered 
extensively in the context of lattice-dynamical studies. 
The anharmonicity of atomic vibrations in wurtzite- 
structure compounds has been studied with X-ray 
diffraction by Mair & Barnea (1975), Moss & Barnea 
(1976) and Whiteley, Moss & Barnea (1977, 1978). 
Isotropic Debye-Waller factors and dielectric con- 

(~) 0 2 © a %  
Fig. 1. The geometry of the surroundings of an oxygen atom in 

BeO with the local coordinate axis. 

stants derived from lattice-dynamical models of BeO 
based on completely ionic character (Nusimovici, 
1968; Hewat, 1972) were not in satisfactory agreement 
with the experimental values. 

Allowing for electronic expansion of ions in the 
model improved the agreement with observed macro- 
scopic quantities but still revealed some incom- 
patibilities (Miura, Murata & Shiro, 1977, 1978; 
Miura, Sat6, Murata & Shiro, 1980). Inclusion of 
angular forces in the model led to a closer agreement 
(Rani, Gupta & Gupta, 1981). 

Calculations of Hashimoto & Santry (1978) on BeO 
based on the CNDO method gave no converging 
results. The authors attributed this fact to an ionicity 
too strong for this method to be applicable. Momen- 
tum distributions derived from Compton-scattering 
measurements of Fukamachi & Hosoya (1970) also 
showed large deviations from a completely ionic 
model of BeO, indicating the significance of solid- 
state effects inherent in the electronic state. 

It is expected that accurate measurement of struc- 
ture factors and a charge-density analysis based on 
them would shed some more light on the structural 
origin of the exceptional properties of BeO and on 
the nature of the problems met in their theoretical 
interpretation. 

Experimental procedures 
The crystals were kindly provided by J. P. Mon 
(D~partement de Recherche de Physique, Paris). Pre- 
liminary X-ray studies of the primitive crystals 
showed considerable extinction effects, obviously 
both primary and secondary. Consequently, routine 
extinction correction was not sufficient for a charge- 
distribution analysis (cf. Downs et al., 1985). There- 
fore, a special thermal treatment was applied to avoid 
at least the primary extinction (Vidal-Valat, Vidal, 
Zeyen & Kurki-Suonio, 1979, Vidal, Vidal-Valat, Gal- 
tier & Kurki-Suonio, 1981; Vidal, Vidal-Valat & 
Zeyen, 1985; Vidal & Vidal-Valat, 1986). The quench- 
ing procedure, described in detail by Vidal, Vidal- 
Valat & Zeyen (1985), resulted in considerable 
increase of the diffraction intensities, about 40% in 
the most extinguished reflections. As a consequence, 
the extinction corrections as determined by the con- 
ventional fitting procedure were reduced to a satisfac- 
tory level (el. Table 2). 

Basic data are reported in Table I. The sample was 
a vertical prism with a half-hexagon base bounded 
by p and m faces, and with dimensions 0.40, 0.125 
and 0.15 mm parallel to c, b and a respectively. The 
crystallographic parameters were obtained through a 
least-squares refinement based on an X-ray diffraction 
pattern. 

All I01 independent reflections up to 1.26 .~-i in 
(sin O)/h were measured. The intensities in a whole 
octant were collected at 300 K on a three-circle Enraf- 
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Table 1. Basic data and results of the preliminary 
refinement 

Space group No. 186 P63mc 
Cell parameters a = b -- 2.699 (3) A, c = 4.385 (5)/~ 

a =fl =90 ° ~,= 120 ° 
1 2 2 1 1 Atomic positions Bel 3,3,0; Be2 3,3, 

O1 t 2  2 t l _  ~,~, z; 02 ~ , ] ,~ tz  
z = 0.3778 (4) 

Site symmetry exact: 3m approximate: 43m 

Matrixoflocal [ i - 1  i ]  [ - 2  - I  i i  ] coordinate axes 1 1 2 
for O1 and Bel 0 1 -1 

fl = ,/(3/2)a/c = 0.75384 
Site-symmetric exact: approximate: 

harmonics real spherical even octahedrai and 
odd tetrahedral 

(n,m,p)=(n,  3/z,+) n = 0  3 4 6 7 
2 +  ' ' ' ' ' ' ' "  Atomic factors Be International Tables for X-ray 

C2rystallography (1974) 
O - Sanger (1969) 

Anomalous scattering Be 2+ jr,= 0.0 J"= 0-0 
coefficients for 0 2- f '  0.008 f" 0.006 
Mo Ka Cromer & Libermann (1970) 

Atomic mean-square Be 2+ 
displacements (,~2) (u2t)= (u22) 0-0041 (3) 

(u]) 0.0053 (5) 
spherical average 
(u 2) = ~ ~. (u,2> 0"0045 (3) 

prolateness 
A,(U 2) = (u]) - (u 2) 0"0008 (4) 

Crystal volume 0.0105 mm 3 
Linear absorption 1-8 cm-' 

coefficient Mo Ka 
Isotropic mosaic 

spread parameter 

0 2 -  

0.0035 (l) 
0.0036 (1) 

0.00353 (7) 

0.00005(9) 

g = 2"0 (1) x 104 rad -t 

Nonius diffractometer for Mo Ka radiation using a 
graphite monochromator with 0-6 ° mosaicity. The 
technical and geometrical properties of the apparatus 
have been described by Vidal-Valat, Vidal & Kurki- 
Suonio (1975). A 0 - 2 0  scan with programmed scan 
and aperture was used to make relevant TDS correc- 
tions possible. The dead-time correction was less than 
1% owing to the low counting rate. 

The effects of multiple scattering were essentially 
removed by setting the crystallographic and diffrac- 
tometer axes for each reflection separately to find a 
position where multiple scattering was not present. 
Equivalent and forbidden reflections were measured 
to detect possible residual multiple scattering. The 
intensities suspected of multiple scattering were 
remeasured in a tilted setting of the crystal with the 
c axis deviating by less than 1% from the ¢ axis of 
the diffractometer. A rotation around the c axis, 
reviewing multiple scattering positions, confirmed the 
absence of multiple scattering in the data. The internal 
agreement of observed intensities of equivalent reflec- 
tions was always better than 1%. The variations were 
included in the experimental uncertainties 8Fo of 
Table 2. 

Background corrections as described by Vidal, 
Vidal-Valat, Galtier & Kurki-Suonio (1981), Lorentz 
and polarization corrections, and the absorption cor- 

rection of Busing & Levy (1957) were applied on the 
intensities. 

The TDS corrections were evaluated with the pro- 
gram of de With, Harkema & Feil (1976) using the 
elastic constant of Cline, Dunegan & Henderson 
(1967). These corrections were small, less than 1% 
in intensity, owing to the hardness of BeO. 

The preliminary refinement 

A preliminary analysis of the entire set of observed 
intensities was made using the LINEX program of 
Becker & Coppens (1975). 

The theoretical model was the conventional rigid- 
spherical-ion model with atomic scattering factors 
given by International Tables for X-ray Crystallogra- 
phy (1974) for Be 2÷ and by Sanger (1969) for oxygen 
0 2- in MgO. The structure allows one structural par- 
ameter z and four parameters for anisotropic har- 
monic motion to be varied independently. The scale 
factor and the extinction parameters were included 
in the refinement as experimental parameters to be 
varied simultaneously. 

All different combinations of extinction models 
were tried, isotropic and anisotropic, mosaic-spread 
and particle-size type, with and without primary 
extinction. Isotropic mosaic-spread extinction gave a 
lower R factor (0.011) than the particle-size extinc- 
tion (0.012). No significant improvement was 
obtained by any of the more sophisticated models. 
Therefore the extinction corrections were made 
according to the isotropic mosaic-spread extinction 
model. 

The parameters obtained are listed in Table 1. The 
thermal parameters are given also in terms of 
spherical average and prolateness of the thermal ellip- 
soid as defined by Vidal, Vidal-Valat, Galtier & Kurki- 
Suonio (1981). 

This preliminary analysis yields experimental 
structure factors I Fol on an absolute scale, corrected 
for isotropic mosaic-spread extinction and for 
anomalous dispersion, to be used as the basis of the 
following multipole analysis of the charge density, as 
well as theoretical structure factors IFc[ with phases 
ac, which define the reference model of the analysis. 
These values are given in Table 2 together with the 
extinction factors y of each reflection. 

The uncertainties 8F in Table 2 are the standard 
errors (of the mean) for each group of three experi- 
mental determinations. Thus they give estimates of 
random errors but do not include systematic errors. 

To check the nature of the residual experimental 
information a set of refinements of the Debye-Waller 
factors was made with partial data. The cut-off of the 
data was varied from (sin 0)/A = 0.7 to 1-26 A, -~ of 
the total data with the scale factor fixed at the value 
found at 1-26 A-l .  It was found that, with increasing 
cut-off (sin 0)/A, the thermal parameters smoothly 
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a o 0.004 0.629 

F ° _ 0.5000o 0.05~ 0.536 
ac _ 5 .657A~ _0.2433~ 0.034 0.9~ 

rc o.5OOO~ io.~61! _o.3125-0 o.o13 o-51\ 
• . _  a ~ l  h ,~, e L o  _ 1.3469 _0.%92'2-~ $.4995.a'. 0.25550 0.00.5 0.899 

b ~- 2~t~\~', '  ro 0.5@00 1P1~65 0 .51557"  3.502~. 0.0000° 0.020 0.964 
( ~ - )  4.4545 n.19155 a.6621 a.32053 ~.95140 0.35492 0.020 0.921 

I, l ^ A'z153 ~1.1153 c~.51416 4.1432 n.00000 4.66355 0.5000 0.015 0.980 
h ~ 0 0.~5610 "6.6462 0.31960 9A916 0.3356~ 2.52493 ~().24632 0.002 0.990 
• u ~ - ^~451 4.194{) moOOOU 6.121b ~.5000v ~.0152~ 0.%25"/~ 0.001 0.956 
~, 0 ~ ~'~535 9.0893 ~.33932 3.9546 ().16531 ¥42636 O.45441 0.011 0.995 

0 ~ u~"~102 A.5105 ~.50000 ~.5392 - c~.03599 ~.55311 - m25463 0.009 0.959 
0 ~ ~ 9 ~, ~ 9563 ~ 16641 ~ 0435 ~ 52540 ~ 15054 ~ 01342 0 025 0 955 

t ~ u.o~6 ~" -~. ~" ~. ~.. 0 "  • • 
• 1 ~ ^ a~65 ~.1912 n.03661 ,~.1152 n . 3 3 1 9 %  o.10501 n.11193 0.012 0.992 
~, 0 ~ ~ ' ~ 1 3  ~.1995 ~.53255 "~.595l ~.02669 ~.35496 -0.50000 0.012 0.996 
2 0 2 0.$° $-552 2.329~. 0.3354~ ~).595.6 _0.1653_3 ~.91062 ~0.3141~ 0.015 0.96~ 

t 1 0 91220 2.566~ O.03"~u u_ 4.55~ o_ 0.5000- u. 3.1191~ _0.455~ 0.00./ 0.993 
,, 0 a ~" na962 n.9163 c~.16592 2.9"/93 n.526./~ ~.54311 ~.140b u 0.002 0.999 
~,, 0 -~ u'~o'l 54 ¥9109 -~.50000 ~.2205 ~.52739 ~.94094 0.25575 0.007 0.959 
u ~- t 'u . . . . .  1 1 2 0 4 1.09554 3.049. 0.5257). 1.413_9 0.119~6 v160 t 0.0~0~. o.oos 0.916 
, " 3 ,13192 2.26o, 0.52")T'. 4.43'-)": 0.339"J'-'_ 1.64~ o.ooo'.)y. 0.04,) 0.95o 

0 0 'i'.,,5466 v4~1.", 0.~19~ 2.02~. 0.021V.. 3.20")~' .  0.353~9 o.op. 0.953- 
2 t I 1.11525 4.315~ 0.3355z" 0.69bt o . O 0 0 O u  2.1330,~ _0.244~_~ 0.037, 0.919 
_ t ~ ~-151 ,, 0141 - 02650 ~ 1939 ,, 3353~ ~ 052bz 0 263./~ 0.00o 0 99b "2, e -Lt #." ~J" a" u" ~" " " 

. I , ,  I -'036 0 6536 ,.,, 00000 3 9542 0 16224 % 11'811 0 36031 0.015 0 999 
~t ~ .L~ " ~" " ~ " ~" - " ' • 0 2 ~,.250~0 5.1151 0.33523_ 3.6010 0.152~1. 2.5116~.  ~0.229\6 0.00 ! 0.91~ 

~ 4 ~ 2'8348 3.9541 0.16209 3.3320 _0.322t)~ 1.361~ 0.011b t_ 0.04~ 0.993 
2 0 0 t;.32261 3.6192 - 0-155.0~ 3.129.5^ _0.31603 t.391_Z3 ~ 0.00 _007, 0"0\~ 0.955_ 
, " ~ . aa211 3.450~ 0.322uu 1.554u O . 0 2 b t ' ~  2.552~ 0.500uu o.OO~ 0.9,8./ 

$ 5) t. "'~ 0 111 - 1602 6454 00000 415T/ 24365 0 02,8 996 .36'83 3.6 _0.3 o. o. 1. -0. • o. 
0 ~ tl.42559 1.4153_ 0".02651_ 4.4130. 0.50000 2 .14555 .  0.265~2. 0.009 0.995 

0 0 5 1.43363 0.601Z 0.00000 2.105~ _0.1611~_ 2.6520~ 0.~,30~t 0.00 Z 0.984_ 
2 u 6 ~ 45314 4.4533 0.5001)~ 3.1290- 0-1,81,85 2"3406-~ ~0-4,810-t~ 0.01~ 0.99"~ 
. o , "" -"203 ,, 1650 ,, 16653 ~ 9040 ,, 04091 ,, 6642u 0 1393~ 0.002 0.99./ 
- $ " -4255 - 1691 ,, 1'8630 • 6809 ^ 5235 ~ 2132 0.2543 0.005 0.995 
__ 2 ~, -~063 ~ 8666 ,, 04234 • 2,825 - 115,84 1 .2 ,8332  0.23251 0.00'8 0.951 
"2, u 1.)~ z." u" ~" u" 1 ,~ • ~601 x.6595 c~.52121 ~,.2431 0.33099 1.25192 _0.110~6 0.015 0.995 

2 ~ ~'."¢5931 ~.2143 ~ ) . 1 1 6 5 4  ~.500~ _0.31016 2.12~ ~ -0.1~,32~ 0.003 0.996 
t 1 ~.51462 3.182/ 0.33190 1.3950 _0.0262~ 2.15 o~ O. 5000-~ 0.00\ 0.99~ 

.~ 1 4 ~ ~066,8 ~t.413q 0.3110~ 1.1632 0.159b~ 1.2! ~,u _0.31040 o.OOb 0.99./ 
"_ 0 ~ t"~,a~ 6 • 440 - ,~ 3012 .~ 9915 - ,, 50000 ,~ $ 109 ~ 48619 0 014 998 3 ;~ .Ouo~ t'3 --,j.O ~," u" ~" --~" " 0" 

1 2 ~'.61351 1.6610 _0.15113_ 144,85. 0.55045 2"~ )15-5 0.2512\ 0.003 0.999 
1 6 ~ &5269 2.916,8 0.50000 1.5507- 0.52155 1" }15~s 0.2319a 0.00~ 0.990 

~_ 0 ,, ""~,146 - 5162 ,, 55216 I 210l ,, 32546 , 5561 - 0.01452 0.015 0.954 2 • l.oo t" u" • u- ~' 
• 0 3 ..11130 1.5548 0.52106 1.3401 _0.30413 119342 0.39005 0.002 0.959 
3 1 0 t~'.12643 1.2125 0.326,83 1.2522. 0.02103 !9236 .0^  0.0146~ 0"027 0.996 
^ 0 1 ~ 14021 1.350"1 _0.3045q 0.6331 0.46569 .453~ 0.3515~ 0.00-~ 0.990 

0 4 ~" 41104 1.2192 0.0261~ 1.6255 0.015q ~_ .96~b~ O. 5000-u o.OO~_ 0.992_ 
"~ 2 2 Y.~15,81 0.6494 0.46312 3.25"15 0 .3430_5  t.131"/~ _0.3645_~ 0.023 0.99"/ 
~t 0 6 ~.19205 1.5219 0.01052_ 2.61TM 0 . 5 0 0 0 - u  ~.210~ 0.210~ ~ " 0.01~_ 0.990 
o 1 4 ~ '81121 3.4600 0.3452~ ~.6451 0 .6005~_ 2.'~32b t_ ~0.31055 o-OYZ 0.995 
~_ 1 , ~" - ~ , 0  ~ 6415 ,, 50000 1.5541 0 19965 • 91405 0 3592"~ 0.005 0.999 3 t l.~,~ ~" u" " t" ~ • 

_ 0 o ~299 • 6414 - 59946 ,,.3451 ,~ 5559,8 ., 55255 ,.25624 0.001 0.996 
_ 0 ,, ~455 -.5565 ,~.19992 1.4455 ,,.32555 •.05191 0.01411 0.001 0.9'86 
o 4 0 0 11.~ 3,89 2.223_~ 0.561~2 2.510~, ,  0.32026 ~p 11156,, _0. i 0~30 0.016 0.9~ "/" 
3 ~ ,8 1.51605 U46./) _0.32b~u 1.21"~ 0.019~° 1.,805~ o.OOUU_^ O.U~ ~_ 0.99' 
x 0 6 ,.51'814 2.5306 0.32~33 0.62~ _0.04~40- 2.121~ 0.015~ o.OxO 
_ 0 • " ^-523 ,2062 ,, 0241~ - 512/ , O000o 2.150~Jv 0.3565'~ "$ • -~)t t" v "  t "  v "  

• x 2 5 ~•' 919,81 0.1199 0.04~53 3.0610 0 . 0 1 6 1 5 -  1.19115 
~,, 2 t;.93924 1.465.0 0.00000 2.951.3 0.34560 

3 ~,, 4 1.95693 3.046#^ 0.0136~ 2.404~ 
u 1 ~.96054 2.951}° 0.34 TM 
1 0 ~.96955 2.3609 

4 1 ~ 1 9,863~ 
2 a t / s i s  • 
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The functions Y,,,,p form a complete set of site- 
symmetrized harmonics which can be practically 
expressed in a symmetry-adapted local coordinate 
system (Kurki-Suonio, 1977; Kurki-Suonio, Merisalo 
& Peltonen, 1979; Kara & Kurki-Suonio, 1981; Kurki- 
Suonio & Siilke, 1985). 

If the crystal charge distribution is assumed to be 
composed of atoms then the charge density of each 
atom can be represented as the corresponding 
expansion (1) and the atomic factors are similar 
expansions in reciprocal space, 

f ( S ) =  Y. f,,mp(S) Y.mp(O, ~), (2) 
nmp 

where each term is the Fourier transform of the corre- 
sponding term of (1). 

In the analysis the radial densities p.o,p in (1) and 
radial scattering factors f,,mp in (2) are calculated from 
the series 

4Tr(--i)" 
p,mp(r)- ~ ~, Fhkt exp [-27ri(hxo+ kyo+ /Zo)] 

× j,, (27rrShkt ) Ynmp ( Ohkl, ~)hkl ) ( 3 ) 

16.rr2R 3 
E Fhkl exp [-2~ri(hxo+ kyo+/Zo)] f ,mp ( S ) - VNnmp hkl 

X Y,~p(Ohk, ~hk~)q,,(2rrRS, 27rRShkl) (4) 

where 

N~,~p= ~ [ Y,~p(O, ~)]2 dO, 
4~- 

q,(x, y)=[xj,,+~(x)j,,(y)- yj,,+t(y)j,,(x)]/[x2- y 2] 

and j ,(x) are the spherical Bessel functions; or from 
the corresponding difference series with F = Fo- F~ 
instead of Fo. Application of (3) yields (1), represent- 
ing the crystal charge density around the centre ro = 
(Xo, Yo, Zo). Application of (4) yields (2), representing 
the scattering factor of the spherical region of radius 
R centred at ro. 

Table 1 gives the basic parameters of the analysis. 
The local coordinate system X, Y, Z for the atom O1 
is shown in Fig. 1. The local axes for Bel have the 
same orientation. The basis functions Ynmp for the 
atomic site symmetry 3m with this choice of axes are 
the real spherical harmonics restricted by the index 
rule (nmp) = (n, 3/x, +). If series (2) represents O 1 or 
Bel the corresponding series for 02  or Be2 is 

f ( S ) =  Z (-1)~'f,,,,,p(S) Y,,,p(O, ~o) 
nmp 

for the same orientation of axes. 
The analysis consists essentially of interpretation 

of the differences between the data Fo and the refer- 
ence model Fc in terms of multipole expansions. It 
does not involve any attempts to specify this interpre- 
tation in terms of analytical models for the charge 
density and anharmonic ionic vibrations. Therefore 

it also does not lead to any parametrized model, the 
validity of which could be estimated in terms of some 
goodness-of-fit criterion. 

Phase refinement 

This kind of multipole analysis has been applied 
earlier to centrosymmetric structures only. The non- 
centrosymmetric space group of BeO brings the phase 
problem causing additional difficulty in the analysis 
and a new source of uncertainty in the results. 

Calculation of the series (3) and (4) requires knowl- 
edge of the structure factors Fo including the phases 
Oto. The theoretical structure factors of the reference 
model give approximate phases So-~ ac, except for 
weak reflections. In a charge-density analysis this is, 
however, insufficient. Therefore an iterative pro- 
cedure was applied to account for the effect of the 
ionic deformations on the phases. 

The phases ac were taken as the first approximation 
of ao. The radial functions Af,,,,p thus obtained from 
series (4) represent the ionic deformations in the first 
approximation and yield the first-order correction to 
the theoretical atomic factors in the form of multipole 
expansions. The phases of the modified reference 
model thus obtained were adopted as So in the second 
approximation and new radial functions Af,,,,,p could 
be calculated using these Fo and the original Fc to 
yield phases So in the third approximation. This pro- 
cedure was repeated iteratively. All low-order com- 
ponents (up to n = 6), which in the first step showed 
significant values, were included in the iteration, i.e. 
(nmp)=(20+) for Be 2+ and (20+), (30+), (33+), 
(40+), (60+) and (66+) for O 2-. 

This procedure was found to converge rapidly. 
After five cycles of iteration the radial functions Af,,,,,p 
and hence the phases reached stationary values which 
did not change significantly in further cycles. These 
phases were then taken as the experimental phases 
and are given as Soin Table 2. The final analysis was 
based on the Fo thus obtained. 

The course of analysis 

Except for the iterative phase refinement, the steps 
of the analysis are similar to those in the case of 
centrosymmetric structures as described in detail by 
Vidal, Vidal-Valat, Galtier & Kurki-Suonio (1981) 
and Kurki-Suonio & Siilke (1984). First the spherical 
radial densities 4,rr2po(r) for both ions are calculated 
from series (3) with n = 0  completed with an 
asymptotic Gaussian residual term (S~ilke & Kurki- 
Suonio, 1984). The Gaussians used for this purpose 
were obtained through asymptotic fitting at large 
(sin 0)/A to the theoretical atomic factors used. 

The resulting radial densities around the Be 2÷ and 
02- positions in the crystal are shown in Figs. 2 and 
3 together with a comparison with those of the refer- 
ence model. On the basis of these figures the values 



Rae = 0"7 and Ro = 1"3/~ were chosen for the radii 
of the partitioning spheres needed for calculation of 
Af, mp in the iterative phase refinement. These values 
are slightly larger than the radii of the best separation 
defined by the minima of these curves. 

It should be noted that the effect of this refinement 
on the experimental curves in these figures is less than 
the thickness of the curves. The radii assumed on the 
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Fig. 3. Radial charge density around 0 2- in BeO; - -  
mental, - - -  theoretical. 

' r-('-A ) 

experi- 

basis of the unrefined data could therefore be used 
throughout the iteration. 

The primary discussion of the significance of the 
different non-spherical components as well as the 
final conclusions concerning the atomic deformations 
are based on the radial atomic factors Afnmp calculated 
from series (4). The non-spherical radial densities 
P,,mp are mainly used for representation of the results 
and for demonstration of the concrete significance of 
the conclusions in real space. 

Subtraction of beryllium 

The beryllium ion Be 2+ is small and compact. Accord- 
ing to Fig. 2 it is a rather well defined separable entity 
with both its electrons within the radius of best separ- 
ation. The radial scattering factors Af, mp of Fig. 4 
therefore give an exhaustive picture of its deviations 
from the reference model. The only significant defor- 
mation component  is (20+), the origin of which will 
be discussed later. There is no evidence of Be l -O2 
bond formation, which would give significant third- 
or fourth-order components. 

For the oxygen ion 0 2- quite the opposite is true. 
As a free ion it is unstable. In a crystal it is stabilized 
by the presence of the cation lattice. Even then it is 
large and diffuse. Fig. 3 shows that there are only 
nine electrons within the radius of best separation. 
Therefore the spherical partitioning does not yield a 
full description of its outer electrons. Still there are 
several significant components up to sixth order. 

In order to get a full picture of the multipole 
expansion of the oxygen ions the contribution of the 
rather well defined Be 2÷ ions was subtracted from the 
structure factors Fo. This contribution was taken as 
that of the theoretical ions of the reference model 
modified with the only significant component Af2o+ 
obtained. The resulting 'experimental structure fac- 
tors F ° of the 0 2- lattice' are listed in Table 2. The 
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Fig. 4. Radial scattering amplitudes of the multipole components 
2+ of Be . Radms of partitioning sphere RBe = 0.7/~. 
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final results on 0 2- are based on these structure 
factors and on their comparison with a reference 
model with O 2- contribution only. 

Fig. 5 presents the radial charge density 4"n'r2p0 
around the 0 2- position in this 0 2- lattice of BeD 
and a comparison with that of the reference model. 
It is clear from this figure that we can now get a 
satisfactory description of the whole 0 2- ion by using 
the partitioning sphere of radius Ro -- 1.46/~, which 
contains a total of ten electrons. The resulting radial 
atomic factors Af, mp are given in Fig. 6. 

Discussion of results 

When the nature and significance of different multi- 
pole components are discussed it must be taken into 
account that: 

the error bars given in Figs. 4 and 6 are based on 
statistical accuracy only and do not account for any 
systematic errors; 

the smallness of high-order components is a quali- 
tative argument for internal consistency of the data; 

the multipole components describe the integral 
three-dimensional behaviour with the angular depen- 
dence defined by the well known symmetrized har- 
monics Ynmp(O, tp); 

the radial scattering factors Af,,,,p represent the 
information in reciprocal space and their values at 
(sin 0)/A below the experimental cut-off are therefore 
not sensitive to cut-off errors (Kurki-Suonio, 1968); 

owing to the reciprocity theorem, features at small 
(sin 0)/A correspond to outer effects and are thus 
likely to be of electronic origin, while broad features 
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Fig. 5. Radial charge density around 02- in BeO after subtraction 
of Be2+; ~ experimental, - - -  theoretical. 

extending to large (sin 0)/A correspond to core effects 
and are thus likely to be of dynamical origin; and 

the Fourier-Bessel transformation relating the 
radial densities to radial scattering factors transforms 
a smooth function p,,,,p(r) with one single peak into 
a smooth function f ,  mp of similar kind multiplied by 
the phase factor i". 

(1) Beryllium 

From Figs. 2 and 4 the deviations of the beryllium 
ion from the reference model can be exclusively rep- 
resented by a quadrupole-like (20+) component. Its 
low - ( s in  0)/A nature suggests electronic origin. It 
clearly cannot be explained by additional prolateness 
of the harmonic motion. It is, however, possible that 
a strong anharmonicity of vibrations particularly in 
the c direction, together with the anisotropic Debye- 
Waller factor fitted to suppress the curve to zero at 
large (sin 0)/A, could give rise to a similar feature. 
The independence of the Debye-Waller factors of the 
cut-off beyond (sin 0)/A = 1 ~-~,  confirmed in the 
preliminary refinement, however, makes this alterna- 
tive less probable as the sole explanation. 

The (20+) component can thus be interpreted 
dominantly as a bonding feature with the possibility 
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Fig. 6. Radial scattering amplitudes of the multipole components 
of 02- after subtraction of Be 2+ with two different radii Rn of 
the partitioning sphere; R o = 1.46/~, R o = 0.7 A/ 
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of some anharmonicity effect superimposed. It indi- 
cates angular charge transfer from the X Y  plane to 
the direction of the Z axis. According to this nature 
it would be a sign of Bel-O1 bonding or rather, 
because of its symmetry, a sign of some electronic 
bridging between the two successive oxygen planes. 
In terms of electron counts it is a weak effect, involv- 
ing a total of 0.026 + 0.003 electrons transferred, as 
obtained by integration of the corresponding radial 
density r2P2o+(r). It should be noted that there is no 
indication in the Be 2÷ ion of formation of directional 
Bel-O2 bonding which would give rise to significant 
third-order components. 

(2) Oxygen 

From Fig. 5 the O 2- ion is on the average slightly 
compressed in its outer parts compared with the refer- 
ence model. The radial scattering factors of Fig. 6 
show in addition several significant non-spherical 
features. They indicate both electronic or bonding 
and dynamical or anharmonicity effects. This can be 
demonstrated by diminishing the partitioning sphere 
sufficiently to exclude the bonding effects. 

The dashed lines give the radial scattering factors 
corresponding to Ro = 0.7/~. When one takes into 
account the small size of the sphere, several of the 
remaining features are significant or almost significant 
and can be interpreted mainly as indications of anhar- 
monic motion. The most prominent feature is an even 
anharmonicity in the Z direction. Both (20+) and 
(40+) indicate that the vibrational smearing function 
is more prolate and hence the one-particle potential 
in the Z direction is softer than allowed by a harmonic 
model. A suspicion of asymmetry of these vibrations 
is seen in (10+), which would mean that the potential 
is slightly softer opposite the O1-Bel bond direction. 
The component (33+) indicates also the possibility 
of an odd anharmonicity perpendicular to the Z axis 
with some softening in the local X-axis and sym- 
metry-related directions. 

The indications of bonding effects are strong in 
(30+), (33+), (60+) and (66+) and weak but probably 
significant in (40+). A dipole-like deformation (10+), 
if any, is too weak to be detectable. The quadrupole 
deformation (20+) is obscured by the anharmonicity 
effects. 

The arrangement of the neighboudng Be E+ ions is 
very close to tetrahedral, cf Fig. 1. The difference of 
the two bond lengths, 1.648 and 1.657/~ for O1-Be2 
and O1-Bel respectively, is small and the angle 
between the bonds is 109.0 ° compared with the ideal 
109.47 ° . It would be natural to assume that the bond- 
ing deformations follow closely the approximate 
tetrahedral symmetry. 

The degree to which this is realized can be checked 
by a calculation of the multipole components in the 
other local coordinate system X', Y', Z '  of Fig. 1 

defined by a matrix given in Table 1. It is adapted to 
this approximate symmetry so that, in this system, 
the neighbouring Be1 lies in the [111] direction and 
the three Be2 neighbours deviate similarly from __their 
ideal positions in the directions [ 111], [ 111], [ 111]. 
An exactly tetrahedral bonding would now yield only 
cubic harmonic components. 

As shown by Fig. 7 there is in the third order a 
dominant cubic harmonic component, which a,~ne 
would indicate similar concentration of charge distri- 
bution in all four bond directions. The non-cubic 
multipole (30+) orthogonal to the cubic one is, 
however, significant. It indicates considerable asym- 
metry between the two kinds of bonds. It reduces the 
charge density in the O1-Bel bond and turns the 
O1-Be2 bond towards the X Y  plane. The fourth order 
is concentrated exclusively to the non-cubic multipole 
(42+) orthogonal to the cubic harmonics. As a result 
the violation of the approximate tetrahedral symmetry 
is very strong. 

It is concluded that these bonding effects cannot 
be regarded as signs of directional O-Be bonds, par- 
ticularly since they have no counterparts in the Be 2+ 
ions. Rather they indicate bonding between the oxy- 
gen ions in the hexagonal O 2- plane, i.e. formation 
of O1-O1 and 0 2 - 0 2  bonds. 

(3) Illustration in real space 

Figs. 8-10 demonstrate in real space the nature of 
the statements based on radial scattering factors. Figs. 
8(a) and (b) represent the difference charge density 
corresponding to the multipole expansion of oxygen 
up to sixth order in the X Z  and X Y  planes, respec- 
tively. Figs. 9(a) and (b) show for comparison the 
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Fig. 7. Radial scattering amplitudes of  the multipole components 

of  02 -  in the coordinate system adapted to the approximate 
tetrahedral symmetry after subtraction of  Be2+: (a) cubic har- 
monics components,  (b) components orthogonal to the cubic 
harmonics; R o = 1.46 A, - - -  R o = 0 .7 /L  
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difference Fourier maps of the 02-  lattice correspond- 
ing to the Be2+-subtracted data, while Fig. 10 is the 
difference Fourier map of the X Z  plane before sub- 
traction. 

To suppress the effects of anharmonicity the series 
have been terminated at (sin 0)/A = 0.7 ~-1.  Still the 
peaks close to the centre on the Z axis correspond 
to what has been interpreted as anharmonicity effects. 
The peak towards Be2 in the X Z  plane in Fig. 8(a) 
is a section of one of the three positive lobes in Fig. 
8(b). In the Fourier map Fig. 9(b) the ring-like 
features are formed by superposition of these lobes 
of the three O1 ions lying symmetrically with respect 
to the Be2 ion slightly above. In Fig. 10 a section of 
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the quadrupole-like deformation of the Be 2+ ion is 
clearly visible. These are the most prominent features 
of what has been called bonding effects in the above. 

Comparison of the Fourier maps, Figs. 9 and 10, 
with the multipole maps, Figs. 8(a) and (b), in the 
light of the conclusions made above demonstrates 
also the difference between the map and multipole 
representations (Figs. 2-7), as well as the advantages 
achieved in basing the conclusions on the multipoles 
(cf. Kurki-Suonio & S/like, 1984). While the maps 
give a picture of the electron distribution in two- 
dimensional slices showing sections of all details on 
a similar basis without any reference to their origin 
or significance, the multipole representation builds a 
view of three-dimensional pieces, each showing the 
coherent three-dimensional behaviour of the charge 
density of one atom. Only on the basis of the multipole 
representation is it possible to assign the details of 
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the Fourier maps to different atoms as part of their 
three-dimensional integral behaviour. For instance, 
the second peak between the central O1 and Bel in 
Fig. 10 lies within the partitioning spheres of both 
ions but it is uniquely assigned as a part of the (20+) 
deformation of Bel. At the same time the multipole 
representation effectively damps the noise of the data 
and thus draws attention to the significant features 
only. 

The picture thus created of BeO corresponds to a 
structure built of alternating bonded hexagonal O1 
and 02 plane nets. There is a considerable amount 
of bonding charge bridging the oxygen ions of each 
plane. The O1-O1 and 0 2 - 0 2  bonds formed in this 
way are strongly bent towards the Be 2÷ ions lying 
above the plane. Fig. 4 shows that the spherical par- 
titioning made includes ten electrons per oxygen ion. 
Thus, this description already involves all the elec- 
trons of the 02- lattice. In particular, there is none 
left to build up any bonding density between the 
layers. The bonding between the 02- planes seems 
to be established by the Be 2÷ ions embedded in the 
02- lattice with their charge distributions slightly 
deformed, like trying to build bridges between the 
02- layers. 

(4) Reliability 

Many kinds of cross-checks were made repeatedly 
throughout the calculations to ensure that the 
methods applied do not produce artefacts in the 
results. The effect of each of the parameters of the 
reference model was confirmed to be on the relevant 
multipole component only, z on (10+) of oxygen, 
spherical average (U2~ and prolateness A~(u 2) of the 
thermal parameters of beryllium and oxygen on (00+) 
and (20+) of the respective ion. The other com- 
ponents were completely insensitive to them (Kurki- 
Suonio & S~ilke, 1984). These parameters thus cause 
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Fig. 10. Difference density in the XZ plane of the local coordinate 
system centred at O1 in BeO before subtraction of the Be 2+ ion. 

no uncertainties other than those already discussed. 
The effects caused by spherical volume partitioning 
are well known (Kurki-Suonio, 1968). 

Special attention was paid to possible large errors 
in some single structure factors. Calculations of the 
entire set of radial scattering amplitudes were per- 
formed with several of the largest AF. It was 
confirmed that none of the significant components 
could be created by single reflections but that all the 
features discussed are due to coherent systematics 
inherent in a large number of structure factors. 

The least known factor in the present analysis is 
the iterative phase refinement introduced. The con- 
vergence shows that the 'experimental phases' 
obtained make the experimental data consistent with 
the significant multipole components, while the theo- 
retical phases do not. The iteration changes the radial 
atomic factors essentially from their unrefined values 
and is thus important. It more than doubles the (30+) 
component of oxygen, strengthens (20+) of beryllium 
and weakens (20+) and (40+) of oxygen roughly by 
20%, but it does not change the general picture of 
the significance of the different components. The 
results vary slightly, by about 5% at most of the 
significant components, depending on the com- 
ponents included in the refinement. The most impor- 
tant components to be included are clearly the third- 
order components of oxygen. These variations can 
be assumed to give a measure of the uniqueness of 
the procedure. 

(5) The alkaline-earth series 

Comparison of the results on other alkaline-earth 
oxides (Vidal-Valat, Vidal & Kurki-Suonio, 1978) 
shows a systematic variation in the nature of the 
oxygen ion. It is best reflected in the radial charge 
density (4zrr2po) at the radius of best separation which 
is a qualitative indication of the separability of oxygen 
from its surroundings. This has the values 1.2, 1.2, 
2.3, 2.8 and 4.46 e/~-1 for BaO, SrO, CaO, MgO and 
BeO, respectively. Even in the 02- lattice of BeO it 
is as high as 3.80 e A -1. These values can be under- 
stood to indicate decreasing ionicity of 02- in the 
row from the heavier to the light compounds, its outer 
electrons becoming more and more diffuse. Still, in 
all the cubic compounds oxygen can be described as 
a separable 02- entity with different degrees of defor- 
mation. It is only in BeO that the deformations are 
strong and concentrated enough to create density 
bridges as an indication of covalency. This qualitative 
change in the nature of the electronic deformations 
is also clear in the radial atomic factors where as high 
as sixth-order multipoles are needed to describe the 
bonding effects in BeO. 
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Abstract 

A s imple  r e l a t i onsh ip  has  been  deve loped  for  deter-  
m in ing  va lues  for  the m o d u l i  o f  no rma l  o rde r  devia tes  
for  s ample  size n f rom the  values  of  the  n o r m a l  o rde r  
deviates  for  s ample  size 2n + 1. This  r e l a t ionsh ip  can  
be  expressed  as a quad ra t i c  ' co r rec t ion '  to the n o r m a l  
o rder  values.  This  a p p r o x i m a t i o n  is in error  by  <0 .001  
for  values  o f  n > 8. 
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Introduction 
A l t h o u g h  the  use of  p robab i l i t y  plots  for  da ta  and  
p a r a m e t e r  ana lys i s  is well  k n o w n  in c r y s t a l l o g r a p h y  
( A b r a h a m s  & Keve,  1971; H a m i l t o n  & A b r a h a m s ,  
1972; A b r a h a m s ,  1974; A b r a h a m s ,  Berns te in ,  Bugg 
& Hvos le f ,  1978), p rog rams  for  p e r f o r m i n g  the 
ana lys i s  are not  rou t ine ly  i n c l u d e d  in the c o m m o n l y  
ava i lab le  c rys t a l l og raph ic  p r o g r a m  packages .  Such a 
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